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Abstract. It is proved that if one of the finite modules M and N, over a local ring R, 
has reducible complexity and has finite Gorenstein dimension then the depth formula 
holds, provided Tor^(M, TV) = for i > 0. We also study the vanishing of cohomology 
of a module of finite complete intersection dimension. 

1. INTRODUCTION 

Let R be a local ring. Two i?-modules M and N satisfy the depth formula if 

depth fl (Af) + depth fl (iV) = depth R + depth R (M ® R N). 

The depth formula was first studied by Auslander [3J. Suppose that Pd R (M) < oo and 
that q is the largest integer such that Tor^(M, N) is nonzero. Auslander proved that if or 
depth r (Tot^(M,N)) < 1 either q = 0, then the formula 

(1.1) depth R {M) + depth R (N) = depth R + depth fl (Tor f{M,N)) - q 

holds [3J Theorem 1.2]. 

In [T2], Huneke and Wiegand showed that two i?-modules M and N over complete 
intersection rings satisfy the depth formula provided Tor^(M, N) — for i > 0. In [13], 
Iyengar showed that the depth formula holds for two i?-modules M and N, provided one of 
the modules has finite complete intersection dimension and Tor^(M, N) = for all i > 0. In 
[B], Araya and Yoshino generalized Auslander 's original result. More precisely, they proved 
that the formula (|1.1[) holds provided one of the modules has finite complete intersection 
dimension and Tor f(M,N) = for i 3> 0. In 0, Bergh and Jorgensen proved that the 
depth formula holds in certain cases over Cohen-Macaulay rings, provided one of the modules 
has reducible complexity and Torf (M, N) = for i > 0. 

In this paper, we generalize the Auslander's original result for a module of finite Goren- 
stein dimension and with reducible complexity. 

In section 1, we prove that the formula (|1.1[) holds provided one of the modules has 
reducible complexity and has finite Gorenstein dimension and Tor f(M, N) = for i > 0, 
which is a generalization of [BJ Theorem 2.5]. Also it can be viewed as a generalization of 
[2J Corollary 3.4]. 
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In section 2, we study the vanishing of cohomology of a module of finite complete in- 
tersection dimension over a local ring. For an i?-module M of finite weak Gorenstein 
dimension and an i?-module N of finite complete intersection dimension and complexity 
c, it is shown that if there exist an odd number q > 1, and a number n > w.g.d _r(M) 
such that Ext R (M, N) = for i G {n, n + q, ■ ■ ■ , n + cq}, then Ext l R (M, N) = for all 
i > w.g.d # (M) (see Theorem 14. 2p . As a consequence, for two i?-modules M and N of fi- 
nite complete intersection dimensions, it is shown that if there exist an odd number q > 1, 
and i > CI-dim^M) such that Ext J R (M,N) — 0, for j E {i,i + (?,••• ,i + cq}, where 
c = min{cx R (M),cx R (N)}, then Ext 3 R (M,N) = for all j > Cl-dim r(M), (see Corollary 
14. 3|) . In Theorem 14. 4[ it is shown that if w.g.d r(M) < oo and TV has reducible complexity 
such that Ext R (M, N) = for % » then w.g.d R (M) = sup{i \ Ext R (M,N) ^ 0}. 

2. Preliminaries 

Throughout the paper, R is a commutative Noetherian local ring and all modules are 
finite (i.e. finitely generated) i?-modules. Let 

► F n+1 -^F n ^ F n _! -> > F -> M -> 

be the minimal free resolution of M. Recall that the n th syzygy of an i?-module M is the 
cokernel of the F n+ \ — > F n and denoted by Cl R (M), and it is unique up to isomorphism. The 
n th Betti number, denoted /3^(M), is the rank of the free i?-module F n . The complexity of 
M is defined as follows; 

cx R (M) = inf{« e N U | 3 7 e R such that (3^{M) < jn 1 ' 1 for n > 0}. 

Note that cx R (M) — cx R (Q, R (M)) for every i > 0. It follows from the definition that 
cxfl(M) = if and only if Pd R (M) < oo. The complete intersection dimension was 
introduced by Avramov, Gasharov and Peeva [5]. A module of finite complete intersection 
dimension behaves homologically like a module over a complete intersection. Recall that 
a quasi-dcformation of R is a diagram R — > A «- Q of local homomorphisms, in which 
R — >• ^4 is faithfully flat, and A «- Q is surjective with kernel generated by a regular 
sequence. The module M has finite complete intersection dimension if there exists such a 
quasi-deformation for which Pd q (M ® r A) is finite. The complete intersection dimension 
of M, denoted Cl-dim R (M), is defined as follows; 

CI-dim R (M) = inf{Pd Q (M <g> R A) - Pd Q ( A) \ R -4 A «- Q is a quasi-deformation }. 

By [SI Theorem 5.3], every module of finite complete intersection dimension has finite com- 
plexity. 

The concept of modules with reducible complexity was introduced by Bergh [S] . 
Let M and N be i?-modules and consider a homogeneous element rj in the graded i?-module 
Ext * R (M,N) = 0°^ o Ext^(Af,AO. Choose a map /„ : fl^'(Af) representing 77, and 

denote by the pushout of this map and the inclusion Q, R (M) ^ ^H-i- Therefore we 
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obtain a commutative diagram 

► fi^'(M) > ► Q^ hl (M) > 

A> II 
► AT ► K v > ft^ l_1 (M) > 0. 

with exact rows. Note that the module K v is independent, up to isomorphism, of the map 
fn chosen to represent r\. 

Definition 2.1. The full subcategory of R- modules consisting of the modules having re- 
ducible complexity is defined inductively as follows: 

(i) Every i?-module of finite projective dimension has reducible complexity. 

(ii) An R- module M of finite positive complexity has reducible complexity if there exists 
a homogeneous element r\ £ Ext * R (M, M), of positive degree, such that cx^K^) < 
cxr(M), depth r(M) = depth r(K v ) and K v has reducible complexity. 

By [8j Proposition 2.2(i)], every module of finite complete intersection dimension has 
reducible complexity. On the other hand, there are modules having reducible complexity 
but whose complete intersection dimension is infinite (see for example, [5J Corollarry 4.7]). 

The notion of the Gorenstein(or G-) dimension was introduced by Auslander [2], and 
developed by Auslander and Bridger in [3]. 

Definition 2.2. An R-module M is said to be of G -dimension zero whenever 

(i) the biduality map M — > M** is an isomorphism; 

(ii) Ext R (M, R)=0 for all % > 0; 

(iii) Ext R (M*,R) = for all i > 0. 

The Gorenstein dimension of M, denoted G-dim r(M), is defined to be the infimum of 
all nonnegative integers n, such that there exists an exact sequence 

-> G n -> > Go -> M -> 

in which all the Gi have G-dimension zero. By [U Theorem 4.13], if M has finite Gorenstein 
dimension then G-dim R (M) = depth R - depth R (M). By Theorem 1.4], G-dim R (M) 
is bounded above by the complete intersection dimension, Cl-dim ij(M), of M and if 
CI-dimfl(M) < oo then the equality holds. 

The notion of the weak Gorenstein dimension was introduced in |llj . An i?-module Ad is 
said to be of weak Gorenstein dimension zero, written w.g.d r(M) = 0, if Ext R (M, R) = 
for all i > 0. If for some integer f>lwe have Ext R (M,R) ^ and Ext R (M,R) = for 
all i > t then w.g.d r(M) — t. In all other cases, i.e. if Ext l R (M, R) / for infinitely many 
integer i > 0, then w.g.d R (M) = oo. 

Note that, by [H Theorem 4.13], every module of finite Gorenstein dimension has finite 
weak Gorenstein dimension and G-dim r(M) = w.g.d r(M). On the other hand, there are 
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modules having finite weak Gorenstcin dimension but whose Gorenstein dimension is infinite 
(see [15]). 

Let Pi — > Po — »■ Af — > be a finite projective presentation of Af . The transpose of M, 
TrM, is defined to be Coker/*, where (— )* := Hom#(— ,P), which satisfies in the exact 
sequence 

(2.1) -> Af* -> P * -> P x * -> Tr Af -> 

and is unique up to projective equivalence. Thus the minimal projective presentations of Af 
represent isomorphic transposes of Af . Two modules Af and A are called stably isomorphic 
and write Af = A if M ® P = N @ Q for some projective modules P and Q. 

The composed functors Tk '■= Tril k ^ 1 for k > introduced by Auslander and Bridger in 
g]. If Ext jj(M, P) = for some i > 0, then it is easy to see that %M = flTi+iM. 

We frequently use the following Theorem of Auslander and Bridger. 

Theorem 2.3. [2J Theorem 2.8] Let Af be an P-module and n > an integer. Then there 
are exact sequences of functors: 

0^Ext^(7; + iM,-)^Tor^(Af,-)^HomH(ExtJ(M,P),-)^Ext2j(7; + iM,-), 
Torf(7; + iM,-) -)• (Ext£(Af,P) ® fl -) _> Ext£(Af, -) ->• Tor f (7;+iM, -) ->• 0. 

3. THE DEPTH FORMULA 

Let M and N be P-modules. In the following, we investigate the connection between the 
vanishing of homology modules, Tor^^Af, N), and the vanishing of cohomology modules, 
Ext £° (TrM, N). 

Lemma 3.1. Let Af, N be P-modules such that M has reducible complexity. If M is of 
G-dimension zero, and Torf (Af, N) = for alU > then Ext jj(Tr Af, N) = for all i > 0. 

cxfl(Af), we argue by induction on c. If c = then Pdij(Af) < oo and 
G-dim.ij(Af) = 0. Therefore TrAf = and we have nothing to prove. As 
for all i > 0, Ext Jj(7<+i Af, N) = for all % > by Theorem El Since 
for aU % > then %M = nT i+1 M for all i > and so 

(3.1) Ext R (T t M, N) = for alU > 1 and 1 < i < t. 

Suppose that c > and that rj £ Ext %(M, M) reduces the complexity of M. Consider The 
exact sequence 

(3.2) ->■ Af -¥ K n -¥ (1%(M) -> 0, 

where \rj\ = q + 1 and cx^(P^) < c. Note that G-dim^(P^) = G-dim r(M) = 0. The exact 
sequence ()3.2|) . induces the long exact sequence 

• • ■ Tor f (Af, N) Tor f (P„, N) Tor * .(Af, A) • • ■ , 



Proof. Set c = 
so Pd jR (Af) = 
Torf (Af, A') = 
Exti(Af,P) = 
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of homology modules. Therefore, Tor f(K ni A) — for all i > and so by induction 
hypothesis Ext ^.(Tr K v , A) = for all i > 0. By [H Lemma 3.9], from the exact sequence 
(|3.2[) . we obtain the following exact sequence 



-)• (Cl q R (M))* -)• K v * -> M* -> T ->■ T (F n ) -> T (M) -> 

where T (M) = TrM , T (X,,) = Tr X,, and T (fl q R (M)) = T q +iM. Since Ext R (fl q R (M), R) = 
0, we get the exact sequence 



The exact sequence Q3.3p , induces a long exact sequence 

(3.4) ► Ext* B (T(M),JV) Ext^(T(F„),A0 Ext l fl (T (fi&(M)), A) -»• • • ■ 

of cohomology modules. As Ext ^(Tr K v , A) = for all i > 0, we obtain from the (|3.4p 
Ext £" x (Tr M, A) = Ext jj(7^+iM,iV) for all i > and since 7IM = 0,%+iM for all i > 0, 

(3.5) Ext R (T q+ iM, A) = Ext '+ 1 (Tr M, A) = Ext (T q+ xM, A) for all i > 0. 
Therefore if q > then by (32) and dHUJ 

(3.6) Ext jj (7^+i M, A) = for i ^ j(q + 1) and j > 0, 

(3.7) Extf+^+iM, A) ~ Ext (7^+1 M,N) for all j > 0. 
By [SI Lemma 2.3], there exists an exact sequence 

(3.8) ->• (X,,) -> F„ 2 © F ->• K v -> 0, 

where F is free. As G-dim r(K v ) — 0, by [4j Lemma 3.9] we obtain the following exact 
sequence 

(3.9) -> T [K n ) -> T (F„2 © F) ^ T (ft^ 1 (#/„)) -> 0, 

where T (K. q ) = TrF,,, T (K^ © F) = TrF^ and T (fl q R 1 (K ri )) Tq+yK^ . The exact 

sequence (|3.9j) . induces a long exact sequence 

(3.10) 

■ • • -> Ext J,(T (Qf+^F,,)), A) -> Ext * fl (T (F„ 2 © F), A) -> Ext jj(T (F„), A) — > • • • 

of cohomology modules. Note that by the proof of [HI Proposition 2.2(h)], Q q R +1 (K n ) has 
also reducible complexity. Therefore, by induction hypothesis, Ext R (T q +2 K n , A) = for all 
i > and so by (IXTU)) . Ext ^(Tr F,,2 , A) = for all i > 0. By gj Lemma 3.9], from the 
exact sequence — > M — > F r) 2 — > Vt 2 R q+1 {M) — > 0, we obtain the following exact sequence 



(3.11) (ft| 9+1 (M))* (F r)2 )* -> M* -^T{n 2 R q+1 {M j) -> T(F„2) -4 T (M) 0, 
where T (M) ^ TrAF T (ft^ +1 (M)) r 2 , +2 M and T (F„2 ) ^ Tr F^ . As Ext ^ 9+2 (M, F) = 



(3.3) 



-> T (njj(M)) -> T (F^) -4 T (M) -> 0. 



0, we get the exact sequence 



(3.12) 



-^T(n R q+1 {M)) -^T(K n 2) ->T(M) -> 0. 
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The exact sequence (|3.12|1 . induces a long exact sequence 

(3.13) > Ext jj(T(M),iV) -> Ext j ? (T(A>),A^) -> Ext #(T (0^ +1 (M)), AT) ->■••• 

of cohomology modules. As Ext R (Tr if^a, N) = and 7jM S Q,T i+ iM for all i > 0, by 
(|3 . 13[) we get the following isomorphisms. 

(3.14) Ext l R (Jh.q+iM, N) S Ext ^(TrM, AT) S Ext | 9+J+2 (75 g+2 M, AO for all i > 0. 

If g = then by (|3~14l) . (j3~5|) and ([3TT]), it is obvious that Ext R (Tr M, N) = for all i > 0. 
Now if q > then by ([3~T4]) and (|3~T|) . 

Ext| 9+2 (ViA/, AT) = Ex4 9+3 (r 29+2 M, AT) S Ext f(T 2 , +2 M, AT) = 

Therefore by (32| and ([37f)l, Ext s fl (7^+i M, AT) = for alii > and so Ext l fl (Tr M, N) = 
for all i > 0. □ 

The following Theorem is a generalization of [SI Theorem 2.5], Corollary 3.4] and also 
[gj Theorem 3.1]. 

Theorem 3.2. Let M and AT be A-modules and let Tor f (M, AT) = for i > 0. If M has 
reducible complexity and q — sup{i | Tor f (M, N) ^ 0} then the following statements hold 
true. 

(i) If G-dim R (M) < oo and q = then 

depth R (M) + depth R (N) = depth R (M ® R N) + depth R. 

(ii) If q>0, depth r (Tot*(M,N)) < 1 then 

depth R {M) + depth R (AT) = depth R + depth H (Tor f (M, N)) - <? 

Proof, (i) We argue by induction on c = cx_r(M). If c = then Pd R (M) < oo and 
the formula holds by Auslander's original result, so suppose that c > and that rj G 
Ext * R (M, M) reduces the complexity of M. The exact sequence — > M — > K v — ► tt R (M) — > 
0, induces a long exact sequence 

(3.15) • • • -> Tor f (M, N) -> Tor f (X, , AT) -> Tor f +n (M, N) —> ■ ■ ■ 

of homology modules. Therefore Torf (AT^, AT) = for all i > 0. As cx R (K v ) < c and 
G-dim niKrj) < oo, 

(3.16) depth + depth R (N) = depth ® R N) + depth A 

by induction hypothesis. Now by induction on G-dim R (M), we show that the formula 
holds. If G-dim R (M) = then by the Lemma EHJ Ext^(Tr M, N) = for all i > 
0. Hence by Theorem 12.31 M ® R N = Kom R (M*,N) and also by the exact sequence 
(|2"Tj) . Ext R (M*,N) = for all i > 0. Therefore by gj Lemma 4.1], depth R (M ® R 
N) = depth ij(Hom^(Af*,A r )) = depth^(A^) and so by the Auslander-Bridger formula, 
depth R (M) + depth R (N) = depth R (M <g> N) + depth i?. 

Now let G-dim R (M) > 0, if n — then we obtain the following exact sequence 

(3.17) — > M ® R N ^ K n ® R N M ® R N ^ 0. 
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As G-dim H (M) > 0, G-dim R (n R (M)) = G-dim fl (M) - 1. Note that by the proof of [8j 
Proposition 2.2(h)], Sl R (M) has also reducible complexity. Therefore, 

(3.18) depth R (Sl R (M)) + depth R (N) = depth R (Q R (M) ® N) + depth R 

by induction hypothesis. From the exact sequence — > ft R (M) — > F — > M — »• 0, where F is 
a free module, we obtain the exact sequence — > Q R (M) ® R N —> F ® R N — > M ®_r A — > 
0. Therefore, depth fl (M ® R N) > min{depth R (N), depth r(Qr(M) ®r N) ~ 1}, by the 
depth Lemma. Now by (j3~T51) . depth fl (Q il (M) ® fl N) - 1 = depth R (N) - G-dim R (M) < 
depth R (N) and so depth R (Af ® R N) > depth R (A) - G-dim R (M). On the other hand, 
if depth R (M ® R N) > depth R (N) — G-dim r(M) then by the exact sequence (|3.17j) . it is 
obvious that depth R (K V ® R N) > depth R (N) - G-dim R (M) = depth R (N) - G-dim R (K V ), 
which is a contradiction by (|3.16p . Hence depth R {M) + depth R (N) — depth R (M (g> N) + 
depth R. 

Now let n > 0, then G-dim fl (fi%(M)) = max{0, G-dim R (M) - n} < G-dim fl (Af). 
Note that by the proof of the [51 Proposition 2.2(h)], fl R (M) has also reducible complexity 
and so by induction hypothesis, depth R (Q R (M) ® fl N) = depth R (N) - G-dim R (fl R (M)). 
Therefore, as G-dim R (M) = G-dim R (K V ), depth R (K V ® R N) < depth R (fl R (M) ® R N) by 
$£W§ and so from the exact sequence M ® R N ->• K v <g> R N -4 O^(M) ® fl TV -> 0, it 
is obvious that depth R (M® R N) = depth ®.r A). Therefore by ([3TT5]1 . depth fl (M) + 
depth R (N) = depth R (M <g> A) + depth R. 

(ii) We argue by induction on cx R (M) = c. If c = then Pd^(Af) < oo and the formula 
holds by Auslander's original result, so suppose that c > and that r] £ Ext R (M,M) 
reduces the complexity of M, The exact sequence — > M — >• K n — ) Q, R [M) — > 0, induces a 
long exact sequence 

(3.19) > Tor f(M, A) -4 Tor R (K V , N) -> Tor f +n (M, iV) — > • • • 

of homology modules. From p,19j) . it is obvious that q = sup{i | Tor^^^, N) ^ 0}. If 
n = then from (|3.19l) . we obtain the following exact sequences 

(3.20) -> Tor f (Af , A) -> Tor A) -> Cokcr (/) -> 0, 

(3.21) -> Cokcr (/) -> Torf (M, A). 

If depth fl (Tor R (M,N)) = 0, then by the exact sequence pT2"0"|) . depth R (Tor R (K V ,N)) = 0. 
As cx R (K v ) < c , by induction hypothesis, depth ^(A) + depth R (K V ) = depth R — q and 
since depth R (K V ) = depth R (M), we are done. If depth R (Tor R (M, A)) = 1 then by 
the exact sequence (|3.2ip . depth ^(Coker (/)) > and so by the exact sequence (|3.20[) . 
depth ^ (Tor ^(A,,, A)) = 1. Therefore by induction hypothesis, depth R + 1 — q = 
depth R (K V ) + depth R (N) = depth R (M) + depth R (N). 

Now suppose that n > 0, then from the exact sequence p.!9[) . it is obvious that 
Tor R (M,N) = Toi R (K n , A) and so by induction hypothesis, we are done. □ 

The following lemma is useful for the rest of the paper. 
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Lemma 3.3. For an fl-module M, Cl-dim fl (M) = if and only if Cl-dim fl (Tr M) = 0. 

Proof. If Cl-dim = then Cl-dim r(M*) = by [TOl Lemma 3.5] and so from the 

exact sequence (JOJ, Cl-dim fl (TrM) < oo. As G-dim K (M) = 0, G-dim fl (TrM) = by g] 
Lemma 4.1] and so Cl-dim R (Tr M) = by Theorem 1.4]. As M = Tr Tr M , the other 
side is obvious. 

□ 

Let M and N be i?-modules. In the following, we investigate the connection be- 
tween complete intersection dimension of M and the vanishing of cohomology modules, 
Ext ^ >0 (Tr M, N) , and the vanishing of homology modules, Tor ? >0 {M, N). 

Proposition 3.4. Let M and N be i?-modules such that Cl-dim R (M) < oo. If two of 
the following conditions hold true then the third one is also true. 

(i) Torf (M, N) = for all i > 0, 

(ii) Ext R (Tr M, N) = for all i > 0, 
(hi) Cl-dim H (M) = 0. 

Proof. (i),(ii)=>(iii) By Theorem 2.5] and Theorem 1.4], depth R (M <E> R N) = 
depth r(N) — Cl-dim r(M). As Ext l R (Tr M, N) = for all i > 0, M® R N ^ Uom R (M*,N) 
by Theorem H31 and also Ext R (M*,N) = for all i > 0, by the exact sequence (12TB . There- 
fore, depth fl (Hom R (M*,N)) = depth R (N) by [1 Lemma 4.1]. Hence Cl-dim R (M) = 0. 

(ii),(iii)=Ki) Set K = TrM and c = cxjj(M). By Lemma EH Cl-dim R (K) = 0. By 
Theorem [OJ Tor f (77+iif, iV) = for all i > 0. As Ext^^i?) = for all i > 0, 
%K ^ nTj+iK for all i > and so Torf (TjK, N) = for all j > 1 and 1 < i < j. As 
M = TrX . cx fl (Tr A') = c and so cx R (%K) = c for all i > 0. Since Torf (Tc+zK, N) = 
for 1 < i < c+ 1 and Cl-dim fl {%+iK) = 0, then Tor f {%+iK, N) = for all i > 0, bypll 
Corollary 2,6]. Therefore, Torf (71 K, N) = for all i > 0. As M = Tr A , Tor jj(M, N) = 
for all i > 0. 

(i), (ih)^(h) By [5] Theorem 1.4], G-dim R {M) = Cl-dim «(M) = and by Propo- 
sition 2.2(i)], M has reducible complexity. Therefore, Ext ^ (TrM, N) = for all t > by 
Lemma 13.11 □ 

4. Vanishing results 

Let M and N be i?-modules. In [14] . Jorgensen proved that the vanishing of Ext for 
a certain sequence of numbers forces the vanishing of all the higher Ext groups. More 
precisely, he proved that if Cl-dim R (M) < oo and Ext R {M, N) = Ext^" 1 (M, N) = ■■■ = 
Ext i R c (M, N) = 0, where c = cx R (M), then Ext R (M,N) = for all j > Cl-dim R (M) 
[HI Corollary 2.6]. In J7], Bergh assumed the vanishing of nonconsecutive Ext groups 
and generalized this result. For an i?-module M of finite complete intersection dimension, 
he proved that if there exist an odd number q > 1, and a number n > Cl-dim R (M) 
such that Ext R (M, N) = for i € {n,n + q,--- ,n + cq}, then Ext R (M, N) = for all 
i > CI-dimfl(M), [7, Theorem 3.1]. In this section, we are going to prove similar results, 
when w.g.dij(M) < oo and N has finite complete intersection dimension. 
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Proposition 4.1. Let M and A be i?-modules and let Cl-dim r(N) < oo and w.g.d r{M) < 
oo. Set cx R (N) = c. If Ext R (M, A) = Ext ^(M, N) = . . . = Ext £ C (M, N) = 0, for some 
i > w.g.d fl (M), then Ext^(M, A) = for all j > w.g.d R (M). 

Proof. We argue by induction on c. If c = then Pd r(N) < oo. As Ext R (M,R) = 
for all i > w.g.dfi(M), %M = flTj+iM for all i > w.g.d r(M) and also by Theorem [231 
Ext^(M,JV) = Torf(7$+iM,A) for all j > w.g.d R (M). Set f = Pd R (N). Therefore 
Ext J fl (M, A) S ToT? +1 (T t+ j+iM,N) = for all j > w.g.d R {M). 

Now suppose c is positive and set n = w.g.d r(M). As CI-dimft(A) < oo, by [7J Lemma 
2.1(1)], there exists a quasi deformation R — > A «- Q such that the A-module ^4 (gi^ A 
has reducible complexity by an element rj £ Ext\(A <E) R N,A <£> R A). Set A = A <E)r N 
and M — A <S> R M. Note that w.g.d .a (M) = n and by the proof of [7J Lemma 2.1 (i)], 
CI-dim^A) < oo. The exact sequence 

->■ N -» A„ -» f7 A A ->■ 

induces a long exact sequence 

(4.1) >■ Ext^(M, A) — > Ext^(M, A,,) — > Ext^(M, Q^A))— » • • • 

of cohomology modules. Now consider the exact sequence — > Qa(N) — > F — > A — > 0, 
where A is a free A-module. As Ext\(M , A) = for all k > n, we get the following 
isomorphism 

(4.2) Ext^M, A) £S Ext^(M, Cl A (N)) 

for all j > n + 1. Now from (jlTTj) and (g^J), it is obvious that Ext J A (M, K v ) = for i + 1 < 
j < i + c. As cx J 4(A, ; ) < cx^ (A) = c, by induction hypothesis we have Ext^(M, K n ) = 
for all j > n. Therefore from (|4.1I) and (14.21) . we get 

Ext^ _1 (M, A) = Ext j A (M,Q A {N)) = Ext^ +1 (M, A) 

for all j > n + 1. Now since c > 0, it is obvious that Ext^(M, A) = for all j > n. 
Therefore Ext^(M, A) = for all j > n. □ 

Now we can generalize Proposition 14. 1 1 as follows. 

Theorem 4.2. Let M and A be ii-modules and let CI-dim fl (7V) < oo and w.g.d R (M) < 
oo. Set cxr(N) = c. If there exist an odd number q > 1, and i > w.g.d r(M) such that 
Ext j R (M, A) = Q, for j £ {i,i + q, ■■■ ,i + cq}, then Ext j R (M, A) = for all j > w.g.d R (M). 

Proof. We argue by induction on c. If c = then Pd r(N) < oo and as we have seen in the 
proof of Proposition O Ext H (M, A) = for all j > w.g.d r(M). 

Now let c > 0, q = 2t— 1, t > 1. As CI-dim fl (A) < oo, by [7J Lemma 2.1(i)], there exists 
a quasi deformation R — > A «- Q such that the A-module A (& R A has reducible complexity 
by an element rj £ Ext^(A ® R N,A ® R A). Set N = A <E> R A and M = A <E> R M. As 
CI-dim^A) < oo, by [7J Lemma 2.1(h)], the element rf also reduces the complexity of N. 
From the exact sequence 

-> N -)• A r) t -)• fi^(A) 
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we get the following long exact sequence of cohomology modules. 

(4.3) > Ext j A (M,N) -> Fad j A (M,K v t) -> Ext j A (M, tt q A (N)) ->••••. 

As w.g.dA(M) = w.g.dfl(M) < oo, it is easy to see that 

(4.4) Ext A (M,Q. q A (N)) S Ext^ 9 (M, A) 

for all j > w.g.d A (M) + q- Now from (f473|) and (j4~4j) . it is obvious that Ext j A (M, K n t) = 
for j £ {i + q,i + 2q, ■ ■ ■ ,i + eg}. As cx^A^t) < cxyi(A) = c, by induction hypothesis we 
have Ext A (M,K v t) = for all j > w.g.d A {M). Therefore from (l4~3)) and (l4~4|) . we get 

Ext^(M,A) ^Ext^ -1 (M,n^(JV)) = Ext^ _1 ~ 9 (M,A) 

for all j > w.g.dyi(M) +9 + 1. Now it is easy to see that, Ext A (M, A) = for i + cq < j < 
i + cq + c. Therefore, by Proposition l4.il Ext 3 A (M, A) = for all j > w.g.d a{M), and so 
Ext j R (M, A) = for all j > w.g.d R (M). □ 

Corollary 4.3. Let M and AT be i?-modules of finite complete intersection dimensions. 
Set c = min{cx R (M), cx R (N)}, if there exist an odd number q > 1, and i > Cl-dim R (M) 
such that Extjj(M, A) = 0, for j G {i, i + 9, • • • , i + cq}, then Ext^(M, A) = for all 
j > CI-dimfl(M). 

Proof. By [SJ Theorem 1.4], w.g.d r(M) = G-dim R (M) = CI-dim fl (M). Now the assertion 
is obvious by [3 Theorem 3.1] and Theorem 14.21 □ 

Let M and A be i?-modules. It is well-known that if M has finite Gorenstein dimension 
and Pd R (N) < oo then G-dim R (M) = sup{i | Ext R (M, A) 0}. In the following, we 
generalize this result for modules with reducible complexity. 

Theorem 4.4. Let M, A be nonzero i?-modules. If A has reducible complexity, 
w.g.d R (M) < oo and Ext R (M, A) = for i > then 

(i) Ext ^ g ' d r[M) (M, A) S Ext ™' g ' d r(M) (M, R) ® r A, 

(ii) w.g.d R (M) = sup{i | Ext R (M, A) ^ 0}. 

Proof. Set n = w.g.d .r(M) and c = cx R (N). First we show that Ext^(M, A) = for all 
i > n. We argue by induction on c. If c = then Pd R (A) < oo and so as we have seen in the 
proof of Proposition SHI Ext R (M, A) = for all i > n. Now let c> and r) G Ext ^(A, A) 
reduces the complexity of A. Consider the exact sequence 

(4.5) ->■ A K v -4 fl^(iV) -4 0, 

where q = |r?| — 1 and cx R (K v ) < c. The exact sequence (|4.5|) . induces a long exact sequence 

(4.6) > Ext R (M, A) ->• Ext R (M, K v ) -4 Ext 4 fl (Af , ^(A)) -4 • • • 

of cohomology modules. As Ext R (M, R) = for i > n, it is easy to see that 

(4.7) Ext R (M,n q R (N)) = Ext R q (M, A) 
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for i > n+q. As Ext R (M, TV) = for % > 0, from ((46)) and (|4~7| we see that Ext R (M, K v ) = 

for i ^> and so by induction hypothesis Ext R (M, K v ) — for all i > n. Therefore by 
flM]) and P~7|) , we have 

Ext R q (M,N) = Ext R (M,Q q R .(AT)) Ext^M, A) 

for i > n + g + 1 and so Ext R (M, A) = for all i > n. 

Now we show that if Ext R (M,N) = for all i > n then Tor f (7^+iM, N) = for all 

1 > 0. We argue by induction on c. If c = then Pdij(A) < oo. As Ext R (M, R) = for all 
i > n, TjM = Q,Ti+\M for all z > n and so it is obvious that Tor f (T n +iM, A) = for all 
i > 0. Now let c > and r] £ Ext * R (N, A) reduces the complexity of A. Consider the exact 
sequence 

(4.8) -> A -> X, -> O^(A) -> 0, 

where cx R (K n ) < c. As we have seen in the proof of the first part Extp(M, K n ) = 
for all i > n and so by induction hypothesis Tor f-(T n +iM, K v ) — for all i > 0. As 
Ext R (M, K v ) = for all i > n, by Theorem [231 Tor f (T i+ iM, K v ) = for alii > n and 
since TjM = f27I+iM for all j > n, it is easy to see that Tor f {TjM, K„) — for alii > 
and j > n + 1. Set £ = q + n + 2. The exact sequence (|4.8|) induces the long exact sequence 

(4.9) ► Tor f (7JM , A) -> Tor f (7JM, X„) -y Tor f +g (7iM, N) —> ■ ■ ■ 

of homology modules. Therefore 

(4.10) Torf (7IM, A) Tor^ g+1 (7^M, A) for all i > 0. 

As Ext R (M, A) = for all i > n, Torf A) = for alH > n + 1 by Theorem CU As 
7IM ^ 1771+1 M for all i > n, Torf (7JM, A) = Torf (7J_ i+ iM, A) = for 1 < i < q+1 and 
so Torf (T t M, A) = for all i > 0, by (|4~T0l) . Therefore Torf (7^+iM, A) = for i > and 
so Ext"(M,i?) ® R A = Ext£(M, A), by Theorem^ As R is local and A, Ext R (M,R) 
are non-zero, Ext %(M, A) ^ and son = sup{i | Ext J fl (M , A) ^ 0}. □ 
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